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Some mixed  b o u n d a r y - v a l u e  p r o b l e m s  for  s t e a d y - s t a t e  heat  conduct ion  in a r e c t a n g u l a r  do-  
m a i n  with a v a r i a b l e  h e a t - t r a n s f e r  coef f ic ien t  a r e  so lved by r e duc t i on  to in f in i te  s y s t e m s .  

A condi t ion  of the th i rd  kind 

I- h (u  - -  [ )  = O, 
On 

(1) 

corresponding to Newton's-law heat exchange with the ambient medium is often used as a boundary condi- 
tion in the theory of heat conduction. 

Problems are usually solved in the theory for h = eonst [1, 2]. There are problems of practical in- 
terest, however, for which the heat-transfer coefficient h is a function that varies along the boundary. 
We shall give solutions for a certain class of such problems. 

We consider a steady-state distribution of temperature in a cylindrical heat-evolving element of 
rectangular cross section having distributed heat sources of constant power. 

The two lateral surfaces of the element are assumed to be thermally insulated; there is Newton's- 
law heat transfer to the ambient medium through the other two surfaces and the heat-transfer coefficient 
varies along these surfaces. Such heat-transfer conditions are realized, in particular, when parts of the 
lateral surface are cooled by a moving liquid or gas. 

With the problem formulated in this way we can also consider the case in which heat is removed 
through nonideal thermal contacts of arbitrary dimensions located on the surface of the heat-evolving ele- 
ment. 

To make the problem general we also introduce bulk heat absorption that is proportional to the tem- 
perature of the body at the given point. Thanks to such heat "sinks" the processes associated with the 
effects of radiation, ionization, etc. can be simulated in a linear approximation. Moreover such a treat- 
ment also enables us to investigate the steady-state temperature distribution in a rectangular plate of 
fairly small height within the framework of the two-dimensional theory; this is done by replacing the heat 
fluxes through the end surfaces by a certain additional heat absorption introduced into the two-dimensional 
heat-conduction equation [1]. 

In accordance with the physical situation we formulate the following mixed boundary-value problem 
of steady-state heat conduction in the domain G{0 -< x - l, --I - y -< 1} bounded by contour F (Fig. I): 

Au - -  qht . . . .  P, 

h(.-  [ ) : : 0  on';, (2) 

()t~ 
. . . .  0 on l'"-,y~ 
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F ig .  1. D o m a i n  of v a r i a -  
t i on  of the  v a r i a b l e s .  

H e r e  h and f a r e  a r b i t r a r y  p i e e e w i s e - s m o o t h  func t ions  s p e c i f i e d  
on the  b o u n d a r y  7 (h(x) -> 0); P = cons t  > 0 and q2 = cons t  > 0 a r e  p a r a m -  
e t e r s  c h a r a c t e r i z i n g  the  p o w e r  of bu lk  evo lu t ion  and a b s o r p t i o n  of hea t ,  
r e s p e c t i v e l y ;  n i s  the  e x t e r i o r  n o r m a l  to  r .  S ince  (2) i s  l i n e a r  in P,  
we s h a l l  h e n c e f o r t h  t ake  P = 1 wi th  no l o s s  of g e n e r a l i t y .  

We s h a l l  conf ine  the  d i s c u s s i o n  to  the  s e a r c h  fo r  a s o l u t i o n  of (2) 
t ha t  s a t i s f i e s  t he  cond i t ion  of s y m m e t r y  about  y = 0. 

Us ing  the  s u b s t i t u t i o n  

u(x, y ) = w ( y ) + v ( x ,  y ) = - - - 4 ( 1 - - c h q y i -  ' v ( x , y )  (3) 
q ' k l c h  q = 

we r e d u c e  the  b o u n d a r y - v a l u e  p r o b l e m  (2) to  s o l u t i o n  of the  h o m o g e n e o u s  equa t ion  

Av - -  q2v = 0 

with  the  b o u n d a r y  cond i t i ons  

A_ i 

0 0  
- -  = 0  for x = O  a n d = l ,  
Ox 

Ov 
@h(x) v = F ( x )  for y = •  1, oy 

F (x) th q , = - -  ~- h (x) f (x). 
q 

v (x, y) = 2 vh (x, y) = 
k = 0  

ch O)ky 
= ~-~ a ~ -  cos~kx, 

1,,=0 ch o k 

~'h ak  = q~)1/2 
- , % ( z ~  

l 

A s o l u t i o n  of t he  f o r m  

(4) 

The  c o e f f i c i e n t  a k  of th i s  e x p a n s i o n  m u s t  be  found f r o m  the  b o u n d a r y  cond i t ion  (6), 

(5) 

(6) 

s a t i s f i e s  (4) and (5). 
which  l e a d s  to  the  r e l a t i o n s h i p  

2 a~Pk c~ + h(x) 2 a~cos~,hx = F(x), 
k = 0  k = 0  

Ph = ~ thm k. 

On the  i n t e r v a l  0 -<- x - l we r e p r e s e n t  h(x) and F(x) a s  the  fo l lowing  F o u r i e r  s e r i e s :  

h(x)= ho -~-  + s  hhcos;V~x, 
k = l  

(7) 

(8) 

(9) 

F (x) = - ~ -  + Vh COS ~hX. 
k = l  

Next we Cons ide r  the  func t ion  9(x) = v(x, y) ly = 1, 0 -< x -< l ; on the  b a s i s  of (7), i t s  F o u r i e r  s e r i e s  has  the  
f o r m  

(x) = 2 ak cos X~x, 
k = 0  

and we then  w r i t e  t he  F o u r i e r  s e r i e s  fo r  the  p r o d u c t  of the  func t ions  h(x) and q~(x): 
o o  

h (x)'~ (x) 0o + ~ 0~ cos X~x, " = - -  0~4. x-~ . l .  (10) 
2 

/e=l 

If  h(x) and q~(x) be long  to the  c l a s s  L2(0, l) of q u a d r a t i c a l l y  i n t e g r a b l e  func t ions ,  we can  w r i t e  the  
fo l lowing  f o r m u l a s  fo r  the  c o e f f i c i e n t s  Ok of e x p a n s i o n  (10) [3]: 
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0 o = aoho'-.- ~ a,~h~, 

O~ = aohh + - ~ -  a.~ (hj . . . .  + h1~+,~), k -- 1, 2 . . . . .  

w h e r e  we m u s t  t a k e  h - k  = hk  in  (11)o 

Subs t i t u t i ng  the  e x p a n s i o n s  (9) and (10) fo r  F(x) and  h(x)q~(x) in to  (8) we ob ta in  

2 a h p ~ c o s ~ k x +  O~ ~ vo ' S -~- -i- ~_~ Oh cos ;~hx - - ~ -  -;.. % cos ;~,;~x. 
k=O k : l  k ~ l  

A l l o w i n g  fo r  (11), we then  have  
oe 

ao Po-i- -i- ~ -  a~h . .=  , 
~ 2 

m ~ l  

E l i m i n a t i n g  a 0 f r o m  (12), 
c o e f f i c i e n t s  a k :  

I ~ a m (h 1 . . . .  -q-hh+,~,)=v h, k ::: 1, 2, ah9 h -~- aoh ~ -,- - - f -  . . .  

we a r r i v e  at  an  in f in i t e  s y s t e m  of l i n e a r  a l g e b r a i c  equa t ions  fo r  t he  unknown 

Ct~TtI ---  

Ch,,~am :-~]h, k : :  1, 2 . . . .  

1 [ I (;~, ...... +h,,.,,) h~h~ 1 
,o h -2-- " .2p o +. ho] ' 

1 ( v,, hohh ) ~11, ==--~h- vh 2Po-- 

Le t  us  i n v e s t i g a t e  the  p r o b l e m  of d e t e r m i n i n g  the  s e q u e n c e  a k  f r o m  the  in f in i t e  s y s t e m  (13).  
s i n c e  h(x) >- 0, t hen  h 0 > 0, lhkl < 2 p  0 + h 0 and t h e r e f o r e  

2 
ICh,,,i"<~ --~h(Ihh_.zl  " -,-l hi,+., !~-i - I hm 1~ 

Let  us  show tha t  the  m a t r i x  (Ckm) s a t i s f i e s  the  cond i t i on  

~.~ , 

[r m = l  

In fae t ,  
co oc 

k,  m = l  k = l  O h  

c~ I,'--I x (x ~ h 2 .  

Since  h k a r e  F o u r i e r  c o e f f i c i e n t s ,  

(14) fo l lows  f r o m  (15). 

(11) 

(12) 

(13) 

We note  tha t  

111~| 

m ~ k - i - I  m = l  

~. con.st h ~ 
z k ~ l  t n ~ O  

the  s e r i e s  ~ h ~  c o n v e r g e s  so  tha t  the  v a l i d i t y  of the  e s t i m a t e  
r n = 0  

(14) 

(15) 

The i n e q u a l i t y  
co 

i s  v a l i d  fo r  the  s e q u e n c e  of f r e e  t e r m s  ~k of the  in f in i t e  s y s t e m  (13). 

Thanks  to  the  e s t i m a t e s  (14) and (16) tha t  we have  found, we can  u s e  a r e d u c t i o n  m e t h o d  to f ind the  
c o e f f i c i e n t s  a k  f r o m  (13) [4]; t he  m e t h o d  c o n s i s t s  in  the  fo l lowing :  we t a k e  a s  an  a p p r o x i m a t e  s o l u t i o n  of 
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Fig.  2. L ines  of i s o t h e r m s  f o r q = 0  (a) a n d q = l  (b). 

the in f in i t e  s y s t e m  (13) the so lu t i on  of the c o r r e s p o n d i n g  ab r idged  s y s t e m  
N 

at  + X  C~,~a*=~k, k = l ,  2 . . . . .  N, 
t t z ~ l  

where  we have c o n v e r g e n c e  of the a p p r o x i m a t e  so lu t ion  a~  to the exact  ak  when N - -  oo. 

On the b a s i s  of the f i r s t  r e l a t i o n s h i p  of (12) the va lue  of a~  should be d e t e r m i n e d  f rom the f o rmu la  

a * =  1 ~ 

290 -b h0 m=l 

Thus the so lu t ion  of the i n i t i a l  b o u n d a r y - v a l u e  p r o b l e m  (2) is r e p r e s e n t e d  by the e x p r e s s i o n  

ch qy "~ , ~-~ ch r 
u (x, V) = 1 ( 1 ~ ,~  a h - -  cos Zlcr (17) 

' k = 0  

with coef f ic ien ts  ak  s a t i s f y i n g  (13), which can be so lved  by r educ t i on .  

Fo r  the spec i a l  c a se  in  which h(x) = H = eonst  in  the i n t e r v a l  0 < x <- l the m a t r i x  (Ckm) b e c o m e s  a 
d iagonal  m a t r i x ,  the in f in i t e  s y s t e m  (13) sp l i t s  up and the exact  va lues  of the coeff ic ients  in  (17) can be 
w r i t t e n  out: 

a o - -  ~ a k - - -  

2 (9o + H) 9~ -':- H 

The r e l a t i o n s h i p s  (13) and (17) that  we have  obta ined were  u s e d  to ca l cu l a t e  the t e m p e r a t u r e  d i s t r i -  
bu t ion  in  p r o b l e m s  with va r i ous  h(x) dependences .  In p a r t i c u l a r ,  i t  i s  i n t e r e s t i n g  to c o n s i d e r  the case  in  
which h(x) is a con t inuous  func t ion  

0 for O. .<x~xo ,  l - - x o ~  x.~<l , 
h (x) = H 0 = const for x o -~ x ~ l - -  x 0. 

Spee i f iea t ion  of h(x) in  th is  way e o r r e s p o n d s  to t r a n s f e r  of heat  to the ex t e rna l  m e d i u m  through non idea l  
t h e r m a l  con tac t s  hav ing  a r b i t r a r y  d i m e n s i o n s .  

F i g u r e  2 a , b  shows the t e m p e r a t u r e s  in  such  p r o b l e m s  for cases  q = 0 and q = 1, r e s p e c t i v e l y ,  when 
f = 0, H 0 = 100, i = 4, and x 0 = 1. Fo r  c l a r i t y  the b o u n d a r y  s e g m e n t s  c o r r e s p o n d i n g  to the t h e r m a l  con-  
t ac t s  a r e  shown ha tched  in  the f i g u r e s .  
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To conclude, we note that an analogous method may be used to solve the initial problem with a 
boundary condition of the first kind on F\ 7 the solution of such a problem is also represented as a tri- 

gonometric series with coefficients determined from the corresponding infinite system. 

U 

h 
f 
x, y 
l 

ak, hk, Vk, Ok 
Pk, Wk, kk, TIk 
Ckm 
F, v, w 

N O T A T I O N  

is the tempera ture ;  
is the hea t - t r ans fe r  coefficient; 
is the t empera tn re  of the external medium; 
a re  the coordinates;  
is a pa r ame te r  charac te r iz ing  the rat io of the sides of the rectangle;  
a re  the Four ier  coefficients;  
a re  the pa r ame te r s  that depend on the summation index; 
is the mat r ix  elements of the infinite sys tem;  
a re  the auxil iary functions. 

1. 

2. 
3. 

4. 
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